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8.40 Gradient of a scalar point function

We shall now associate the directional derivative of a scalar point function
with a special vector called the gradient. 4

DEFINITION. Let S be a level surface of a scalar point function [ and
a given point on S. Suppose we denote the unit vector normal to S at P
that n points in the direction of increasing f.

(i) The directional derivative of f along n is known as the normal
and is denoted by

:ll_{z or df/dn (n = distance from P measured along n).

(ii) The gradient of f (denoted by grad f) at the point P is defined |

vector having magnitude = df /dn and direction same as that of n;

ie, gradf= :—‘;n‘

Figure 1

Note. This definition is invariant in the sense that grad f is independent of
choice of the basis.

We observe that for all points of a region grad f constitutes a vector fleld
ined by a scalar field f.

Relation between dlreguon-l derivative of a scalar point function f at
point in any given direction and gradient of f at that point.

Theorem 8.40.1 The directional derivative of a scalar field f at a point P and
the direction of a unit vector u through P is given by

% =u gradf [s is the distance measured from P alony uj (I

Is, the directional derivative of f along u is the component of grad [ in that
won. -~

Figure 2

the direction in which the marimum value of the directional derivative of f occurs
and the length of grad [ = | grad f| = mazimum rate of change of f.
2. Let
& df
dl)' dl;' dl;
be the directional derivatives, in the directions of any three mutually orthogonal

unit vectors @), ez and eg. Then since the directional derivatives in any directi
is the component of grad f in that directions it follows:
K5 W W S .
wmdl—-;;l-. L2} znd!—dg:. e md!-ds;-
Hence in compact form
4f df df
grad f = E.' + Eh + a’—aﬁx ; (I

In particular, if we identify e;, ez, es with the fundamental system 1, j and k,
the corresponding directional derivatives are the partial derivatives

of of . &8f

o oy " B
Accordingly, we have

vﬂd!"g”%’“ Z—fk. av)

Figure 3

Example 8.50.8. If / = y/(z? + y?), find the magnitude of the
dertvative making a 30°-angle with the yositive x-exis at the point (0,1).
0SS L = i
Solution. grad f = 5—;!,—& B;" = ml - m]
At the point (0,1), grad f = —§= (0,~1).
The directional derivative is given by

% = u grad f, where u = co3 30°i + sin 30°§

= cos30°(0) — sin30°(1) = —%.
Example 8.50.4. Find the gradient and the unit vector nermal to the level
22 4y — = =1 at the point (1,0,0).
Solution.
f=atty-:
grad f =2xi+ ) —k=2i+J—k at (1,0,0).

We know that the vectar grad f is in the direction of n where n is the
vector normal to the surface at (1,0,0).

n= ?(2’ +i-K).

Example 8.50.5. Find the directional derivative of f = Ty+yz+zz in the di
of the vector i + 2§ + 2k at (1,2,0).

Solution. f = zy + yz + 22; unit vector along i+ 2j + 2k is (i +2j +2k)
gradf = (y+ )i+ (2 +2)j+ (z+ y)k

i + 2k
% - LB (g )it (24 2 + (= 43K
- %(u + 3y + 3z), ot the point (z,y,2)
10

3+ ot the peint (1,2,0).
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8.60 The Del (or Nabla) Operator ¥V

We defined the gradient of a scalar point function f independent
co-ordinate axes, But if rectangular cartesian system be considers
vectors 1, j, k along the three mutually perpendicular axes, then

9 00 00
gad!_la:;+33y+kﬁz'

We now introduce a symbol del [or nabla) ¥ (in rectang
system) as a vector operator
a a a
, V= ir’.?_x +ja—y + RE

Hence

UL R ST R 8 N T R
grﬂf_ig+ja+k3:_(ig+jay+kaz)f_

i.e., Vf may be considered as the result produced when the vecta

V= IR;E“ +]% -+ k% acts on f;

Figure 5



u else W f may be assumed to be the multiplication of a vector
a
dz

v ig +j£ ik 8.70 The Operators V. V., Vx and V?: Gradient,
dy Divergence, Curl and Laplacian '

by a g 3
oy by a scalar f

Because of its dual characteristies the symbol W is known asf 4y e functions considered in these discussions will be supposed to be continuou

diferential operator.
Again, we have observed before that the direetional dorivative o

differentiable. -
[ the previous article we have introduced

B of L0 oy

(i "

dircetion of the unit vector u = — = w grad f, where s is the distane ’
gmd = e e F

f A de T 0s

s

ilong u.
We may now write
df We now introduce three more operators V.. Vx and V7
== uw'VJ  orin equivalent form, (u-V)f 5 & 4
VeEl =4tk
ie., the operator d/ds acting on f = the operator (u- V) acti dr iy 0z
Next consider a vector s of wagnitude s (unit veetor nlong s is u): ¢ Ux =ix 3 +ix i Lk g
Now ’ ar iy 0z
if a2 2 92
s =8 V)f = (V) f = (s V) f I . AL
T and V'=V.V = 3.2 + a7 + 5.3

d s .
ie., the operator e acting on f = the operator (s V) acting Do KOT FORCGET © W 18 AN OPERATOR AND ALSO IT IS A VECTOMN,

Note, Since dfds may act on a vector point function Fowe shall write
o .
—F=(uVF Figure 7
[

But we shall never write u{VF) [ this case, because then, ¥F becomes meaningless.

Figure 6



¥ HGIUR
Let F be a vector point function and suppose

F = Fi(z,y,2)1+ Fy(z,y,

2“ ¥ FJ{I.-.'J'; Z}k
= Fi+Fj+ Fik (

in shorter form)

Then

_+ 9F_ . sp 9F  ap, OF, Bp,
VF“jE';*"?a;“"?"é?*E“LE?

) 8B ] .
[l V--IB—E +_]f,-)—y- +ké? andF=F1|+ng+F3k. Take dot prodyg

VxF-—-ix%jFT+JxQE+kxaF

T 'z
~i(52-2),(on _on
dy

9 oR |

B 52 *“&‘)“‘(5;“@;)
i i k
= a o ol
% B B
F £ Fy

and finally if S is a scalar Point function, then

Figure 8

B vy ouN
Hlustrations

Example 8.70.1. IfF —

%+ y? 2%k, then find V. F and F.
Solution.

V.F=Y1.9F _0R 4R

n ary
dr = oz 8y " Bz

i}

9 3 G, 2, @ o }
55(r)+5~y{y)+5;{z)—2(x+y+z)
;

and Vxp—| @

i k

a
6::@:9—

2

z

2? y 22

=i (%{z’) = ;z-(yz)J = [Efj—:(zzj _ 5‘%(‘?2)} i k[@%{y’)_-"
=0i+0j+0k =0,

Figure 9



OF  OF OF -

(i) divF=WV.F= G By s

i ] k
(i) cwl F (also known as ot F) = V= F = g 4 @

dr dy 0Oz
2, The operator V? = V- ¥ is called the Laplacian.
If f is a scalar point function then

a*f of If
Vi=b o gyt ma b0

Any funetion f which satisfies the partial differential equation V2 = 0 is called
Harmonic function.
Remember, however, that if F be a vector point function, then V2F will mean

V(V-F) or (grad div F).
Example B.70.2. If F = xysinzi+ y?sinzj + 2 sinayk, then find divF at the
int (0,7/2,m/2).

Solution.
divF = V-F = %{zysin z) + t%(yz sinz) + %(z*sinz@)
= ysinz + 2ysinT + 2z &in Ty, at any point (7, ), z)

=7x/2 (fwepute=0y=n/2z=n/2)

Figure 10

ACay WIRGM A T A T 8 =W, LG, WL & — — &,

Example B.70.5. Find the vonstants a, b,e¢ so that the veetor
w=(r+2y+az)it+(br—3y—z)j+ (4r+ey+2:0k
becomes trrotational.

Solution. w is irrotational when ¥V x w =0,

i i k
i.e., when _ﬂ_ i .9.. =0
ar ay iz
T+2y+az br—-3y—: dr+ey+2:z

i.e., when {aﬂy{dz-+¢:y+2:] - %(Lu- - 3y - ::]}i-*— ote, =
Le, when ife + 1) — j(4 —a) + k(b —2) = 0i + 0j + 0k
e, when e=-1,4=ab=2
Example 8.70.6. If ¢ = 22722, then prove that
div{grad ) = 1224227 + 42327 4 2407222

a4

Solution. div(grady) =V- Vo= (V- Vo= (-‘-ﬂr - 3‘%1 5 5”-_,:;)
F

g2
Now o = E:r:ygz‘, ﬁ: = 12ry*:"; ete. Now complete.

Figure 11



Example 8.70.7. Verify Vu =0 if u=2% - y* 4 4:. [Similar to F

Problems involving r and r,

Let r = zi + yj + zk. Then r = |r| = /22 + ¢ + 2,

IMPORTANT RESULTS (May be used wherever necessary)

Example 8.70.8. Given r = xi+ yj + zk and ¢ is any constant vecto
| (i) dive =3, dive=0; {ii) curlr =0, curle =0;
(iii) div(rx ¢) =0 but curl (r x ¢) = —2¢c.

Solution. (i) r=ai+yj +zk; divr=V.r, ie, ;%{.r) + %{y} +

i i J k
¥ il a ] .
i) cule =| 2 Yol — |=0i+0j+0k=0.
W ar iy az ok
Figure 12

Similarly, curle = 0 (Take, ¢ = ¢;i + 3] + c3k).

i J k
fiii)rxc= T U z = i(cay — co2) — j(eax — e12) + k(e —
(o8] Cn Cy

Now check V.r x ¢ = %((::;y — eaz)+ ete. = 0.

i j k
But curl(r x ¢} = 2 & a
dx dy 0z

cay — oz €12 — €ax T — C1y

= —2¢1i — 2e9j — 2e3k = =2c¢.

Figure 13

Differentiation Formulas : Proofs given below

Sums:

V(f+g)=VfLVf

V. (F+G)=V.F+V.G

| Vx(F+G)=V xF£VxG.
Thus grad, div or curl is each distributive with respect to the sum and
difference of functions (scalar point function or vector point function, as the
case may be).

PRODUCTS:

« V(fg) = fVg + gV flerad (fg) = fgrad g + g grad f|

. VF-G)=Fx(VxG)+Gx(Vx F)+(F-V)G+ (G- V)F

V- (FxG)=G curlF - F. curl G-

ie, div(FxG)=G- (VxF)-F-(VxG)

. Vx(FxG)=F(V-G)-G(V-F)+ (G- V)F - (F-V)G

curlF x G =FdivG — GdivF + (G- V)F — (F- V)G

Figure 14



DIVERGENCE AND CURL OF ONE SCALAR FUNCTION MULTIPLIED BY ONE
VECTOR FUNCTION:

V-(fF) = {(V-F)+F-Vf

divergence of fF = f divergence of F + F grad f.
Vx(fJF)=VfixF+f(VxF)

SECOND ORDER DIFFERENTIAL OPERATORS:
X V.V f=Wf(div of grad f = Laplacian f where f is a scalar point function)
2

v’f—'?f+$+gzﬁ

But V’F = V(V:F) = grad (divF)
L VxVfi=0 V. (VxF)=0

curl (grad f) = 0; div(curlF) =0
L ¥ x (V x F) = V(V.F) - FV2F

curl curl F = grad (div F) — Laplacian F
Proofs of differentiation Formulas:
Formula 1. To prove

V(f+9) = Za s+ =i g+ 5}
z Z —Vf+Vg

Similar proof for V(f —g) = Vf— V.

Figure 15

Formula II. To prove: V-(F + G) = V-F+ V-G.

8 .4
(arﬂ& + )‘(F+G}

_ faF  aG g

"'(E+E)+3 dy Oy

(f—ﬁ+j‘@+k-§)+(i-§ 528 4
or dy iz f

=V.F+V.G

V.(F+G)

Formula III. To prove: Vx (F+G) =V xF+V x G.
a d a

curl of fF = grad f x F + fcurl F. [C.H. 2000]

(e 50) s (200

Vx(F+G) =ix §~{F+G)-;—jx—{F+G)+kx——{F+G

d
Z x——(F+G Zl {@—r@}
ZIx—+Zi

=VxF+VxG.

Figure 16



Formula IV. To prove: V(fg) = Vg + ¢V /.

Y(fq)

5 Uq}ﬂa ffq}+k 5 (f9)

. 0g  4f d
=Zl( E-l_gdy) Z:f q+Zlg
—fZI Z.—-fvergv;.

Formula V. To prove:
V(F-G) = Fx(VxG)-{-Gx{VxF) (F-V)G + (G-V)F

V(F-G) = Z!—(F G)—Zi{ gf} :1

., 0G oF
ol Pl e

Now see that *
G G aG 1
F — D=
x(ixar) (Fd )i (Fi)r'.'):r
j o EARC iRt ERSRSa ¢ o SESHE BE ot Sl (oo M SO N R i wr
Figure 17
Similarly,

i(G ‘;—F) =Gx (ix gg) +(G-l)g.

Hence, |

V(F-G}:EFx(i ) Zcx(x—)
+ Z(F"Ja +3 (G “a
=szix%‘§+cx21xg
+Z(F4}%—f + Z(G-i)%

= Fx(V x G)+G x (V x F) + (F- V)G + (G- V)F.

Figure 18



Formula VI. To prove: V-(F x G) = G-(V x F) - F-(V x G)
VExG) = Vi P xG) =i {ExG+Fx ]
=Eiv@xc+zi.px“
—Z(”‘—) Z(Ix__.

[Remember: a-bxc=axb-¢|
—VxF.G-VxGF=G(VxF)-F (VxGQ)

Formula VII. To prove:
Vx (FxG)=F(V-G)-G(V.-F)+ (G- V)F - (F-V)G.
Vx(FxG)=2ix%{FxG).—_Zix{ng+Fx%GI—}
= Zix'(Fx%) +Zix(a—Fx‘G)

-2{( @) -l Eleoz- (%))

Arranging in a proper way, =
~FZi—-Gzi Z{Gl) - B d) =

— F(V.G)- G(V F)+(G VIF - (F-V)G
[see that (Gvi)g = (G-i_%) F]

Formula VIII can be proved in a similar manner as we have proved
Formula IX below:

Figure 19

Formula IX. To prove: V x (fF) =V xF+ [(V < F)

-y _OF
Vx () = Yix 2 (h) =Y ix {I:_F*a“-(;_r‘.}
=Y ix fp+zle’m
87X, sl BEY -
Z{lax[‘} L('XE)‘F

VixF+ fIV=xF)

I

In particular, ¥ x (f(r)r) =0 (r = ai+ yj+ =k)
For,

Vx(flr))r=Vfr)<re+ f(r)]Vxr

Vi) xr (0 Vxr=0)
{.“' PO+ )i 4 drma}

I

or” iy
= {f’(")'—i“”f"'a')‘—j-'—..f"'\r'lik} < 3
f’ ')

v

(H+UJ'— shyxr= rw =

In other words, the vector f(r)r is irrotational

[ Y=t SRR e ot LS, SRS | 1 - el Wk, [P TR S
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