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2.14 The Vector Differential Operator \

The differential operator V is defined in Cartesian notation bY

. 8 .0 k?__
V=’L-—a-5+]ay+ 9z

This vector operator may be applied as a directive differentiator to 2 sgalar or £ a vector
function of space. As the symbol V denotes an invariant vector different'lato.l‘ which }'eqllll‘es
an operand whether scalar or vector on which it can operate, its expression 1 vectorial form
should only be considered as symbolic or formal. In vector analysis there are three fundamenta]
operations with V which are of physical interest. If ¢ is a scalar function a_r}d V a vector function

of space these operations are as follows: (i) Vo, (ii) V.V and (iii) V X‘V-



Gradient of a scalar

Del operator is VECTOR . When it operates on a scalar function,
the result will be VECTOR

VECTOR REVIEW: The Gradient
GRADIENT OF A SCALAR FIELD Far.Sonn2) |

df = {‘:—f}h + [ (—Ef—:)dy + [ %)d: e df =Vfedl

CX b4

the gradient ‘del
df =Vf edl =|Vf||dl|cos 0
For a unit change in d, at 0=0, df =|Vf|

The gradient is a vector operation which operates on a scalar function to produce a

vector whose magnitude is the maximum rate of change ofthefunction at the point of

the gradient and which is pointed in the direction of that maximum rate of change.
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Hence, the electric intensity is given by X = —grad g,



We consider the vector Vé given by

ﬁd) = iad) “6¢ *(")(}5

| 8 Ty tH;
8 9% 4nq 122
155 J By Bg HE the vector rates of ; increase of ¢ in the directions of the axes of X, Y

and Z. We will now show that the sum of the above vector rates is equal to the gradient of ¢
Taking scalar product on the two sides of equation (2.15.1) with an element of radius vecto:

dr, we have
. 09, . 09 0¢
rad ¢)- df = —f- dif = — = —dn =
(grad ¢)- dr 3 dF = 5-drcosf = —~dn = do
gﬁ is the total normal rate of change of ¢.
n
‘Now,
0 0
dp = a_¢ 6¢d + —afd
. 8¢,  0¢ 0¢
.. (grad ¢)-di¥ = -6—-d:x:+ é_dy+ azdz

_‘2 3@4’ 6¢> ; (id:n + jdy + kdz)




Divergence of a Vector

Divergence of a vector field

* |llustration of the divergence of a vector
field at point P:
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2-7 Divergence of a Vector Field

f A-dS  the divergence of A

divA=V:A=lim = " Ay atagiven point P

where Vv is the volume enclosed by the closed surface §
in which P is located.

(2-98)

A
Physical meaning: we may regard the divergence of
the vector field at a given point as a measure of how
much the field diverges or emanates from that point.
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' = idnoi finitesimal element of volume with, &
We consider a vector A at the midpoint of an in - sl
an‘:ic:i)z parallel to the axes OX, OY and OZ. The vector A has components of
Az, Ay, and A; parallel to OX » OY ang 0
respectively. The value of z-compopep; of ch
e

vector at the midpoint of the left.
A,—lé&dx Aﬁ-liﬁdx i laA}:andfaceOf
2 ox 29x the volume element is 4, — 5?‘11' Whep
= ) the volume element is inﬁnitaﬁnauy smal]
this component of vector may be considereq
x  all over the face. Similarly, on the Tight-
0 hand face the z-component of the v

ector ig
10A,

Fla. 2.47.1 Then the excess of flux leaving the ele
sl ment over that entering it parallel to O i

194, 104, _ 4.
(A=+§az dx)dydz—(A,-Eaz do ) dy dz = = dz dy d.

des dx, dy
ma'gnitUdes
Y

—

By similar reasons the contributions to the flux parallel to OY and OZ are

0A, 0A,
-Wd:c dy dz and P dz dy dz.

Hence the net flux diverging from the element is

0A; 0A, O0A,
(\3:!: + By + az)d:cdydz.

The amount of this flux per unit volume is defined as the divergence of the vector A which

is written as
0A, e 0A, x BA,.

o Jz 0Oy 0z

(2.17)

Now,

04 0, 04, (ia )
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When the flux entering the volume element is equal to that leaving it, we have,

divA=0 or V.-A=0.

In case of fluid motion this means that there is no accumulation of fluid anywhere. This is
called the continuity equation for an incompressible fluid. As the fluid is neither created nor
destroyed at any point it is said to have no sources or sinks. The lines of flow of the vector A, in

this case, either form closed curves or terminate upon bounding surfaces or extend to infinity.
A vector satisfying the above conditions is called solenoidal.
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Curl of a Vector

CURL OF A VECTOR (Contd)

For Cartesian coordinate:

a, a, a,
VxA = 6 O O
Oox Oy Oz
A, A, A

[HA, GAV} [aA, 6Ar} [EA}, A,
%{}s.:: éb; —_ - ilx 2 G J 2ly + - v

0z Ox oz ox

Oy

The Curl of a Vector Field

Thecurlof F(x,y,2z) = (P(x,y,2),Q(x,y.2),R(x,y,2)) is
curl ?(.t,_v. 7) =V x F(x, v, Z)

)

AL A

curl F(x,v.2) = (_). i i

ox dy @z

9 g R
oy dR dQ drR aP\ [0Q aP
curl F(x,y,z) = » =)\ =) \E

; o : ) 9 @
Vis a differential operator. V = (i- —_—

dx'ay'az

The curl of a vector field measures the rate of rotation




Solenoidal field
and
Irrotational Field

C‘J ec}%: rf_dc])

(' Produet) ("x" Product)
0'\19"3% ce on:) Curl oF F
v XF i
o F=£,F4f, j f, & PefrTof, fof)
_ : k
V:-F= 23§ +24, VxF-|a. i Y
‘!. a 311.‘33 1:
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IF V-F =0 then P :.s =
Sajd f be SolenoldaJ




https://youtu.be/OeAHIOpWbYk

https://youtu.be/OybxQLT776I



Solved problems

3. Find Vo if @ ¢=1n|r], By o=1.

(@) r=xi +yj +zk. Then |r| = v/?+y2+22 and ®=In |l’| = %ln(x2+y2+z’2).

Ve

by Vo

Ll

sVin(x?+y%+2%
’;‘{i—a‘ln(x2+y2+z2) + j-a- In(x2+y2+22) + I(i In(x2+y2 +22)}

Ox Oy Oz

1 2x 2y 2z xi +yj +:zk r
(9 AL IR Yy - o iE
2{’,2+y2+,2 i jx2+y2+22 k,2+y2+22} 2+y2422 12
V) = VLt = Va2

z

ii(x2+y2+22)‘1/2 & ji(x‘l’.;y?,..,?)"i/z + ka(x"’+y2+z"’)'1/2
3 - 3

i{-1a2+y?+22)

—xi—yj—zk _
(12 +y2+22) 872

"%} & j{-—%(z"’+79+z9)-3/22y} - k{—%(x2+y2+22)-

r
3
r

8/2

22}



~
@ Show that V¢ is a vector perpendicular to the surface ¢(x,y,z) = ¢ where ¢ is a constant.

Let r=xi+yj+zk be the position vector to any point P(x,y,z) on the surface. Then dr = dxi +
dyj +dzk lies in the tangent plane to the surface at P,

But d¢p = %E-fdx + -g-;édy + %-g—)dz = 0 or (gfl +_§g’j +a(fk)-(dxl +dyj +dzk) = 0

0 so that Vo is perpendicular to dr and therefore to the surface.

ie. Vo.dr

7. Find an equation for the tangent plane to the surface 2xz?—3xy~4x =7 at the point (1,-1,2).

V(2222 -3xy —4x) = (2:2—3y—4)i — 3xj + 4xzk
Then a normal to the surface at the point (1,—-1,2)is 7i — 3j + 8k.

The equation of a plane passing through a point whose position vector is r, and which is perpendicular
to the normal N is (r—r,)-N = 0. (See Chap.2, Prob.18.) Then the required equation is

[(xi +yj +2R)—(i—j+2k)] - (Ti—3j +8k) = 0
or Mx—1) — 3(y+1) + 8(z—-2) = 0.



10. Find the directional derivative of ¢ = x%yz + 4x2? at (1,—2,~1) in the direction 2i — j — 2k.
Vo = ViPyz +4x22) = (2xyz +42%)i + 2%2§ + (Py + 8xz)k
= 81—j— 10k at (1,-2,~1).
The unit vector in the direction of 2i — j — 2k is

o 20 —§ — 2k
V(2)? + (=1)% + (=2)°

wina
-
|
COf bt
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Then the required directional derivative is

-3

S8 W S e 2i-Lj_ 2y - 16 .1 .20 37
Voea = (81—j—100).Gi—1i- 2K $4+3+3 . U
Since this is positive, @ is increasing in this direction.

12. Find the angle between the surfaces z?+y?+22=9 and z =2°+y?~3 at the point (2,—1,2)

The angle between the surfaces at the point is the angle between the normals to the surfaces at the
point.

A normal to x? +y? +22 =9 at (2,~1,2) is

Vo, = Vi2+y2+2%) = 2xi + 29§ + 2zk = 4i — 2j + 4k
A normal to z = x?+y2—3 or x"’+y2—z =3 at (2,~-1,2)is

Vo, = V?+y°—2) = 2¢i + 2yj — k = 4i — 2j — k
(Vpp)- (V) = |V¢1I |V¢2| cos &, where £ is the required angle. Then

(-2 +4K) - (-2 —k) = |ai—2j+ak]| |4i—2§~k/| cos®

16 + 4 — 4 = V(92 +=2°+@P V@ +(=2P+(~1Y cos O

0.5819; thus the acute angle is & = arc cos 0.5819 = 54°25'.
6v21 93



27. Prove: (a) Vx(Vg) =0 (curl grad ¢ =0), (b) V-(VxA) =0 (divcurl A =0).

w Wi (00 4 O . 00
@ Vx (V) = V (ax1+ayj+azk)
i i k
= k= 9 9
. 3 3z
s % ¢
3= o 3z
_(2,% 23 3 3 3% 3 ¥ 3 3% _ 23 3
= ('a_,‘é?"'a_z(g)]' + [E"a?’ ‘a‘;‘i’h + [a-x‘a,) ay‘a,’]"
I o Fe o P T

(

nh A fha an an !

provided we assume that @ has continuous second partial derivatives so that the order of differentiation is
immaterial.

30. If v=cwxr, prove @ = 3 curl v where @ is a constant vector.

i ] k

culy = Vxv = Vx(wxr) = Vx |lw, w, w;

x y z

= Vx [(wgz — Way)l + (Wgx —wq2)j + (wly-—ng)l]

i
3 2 3

= = 2(wii + wa) + w3k) = 2.
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31. If V-E =0, V-H =0, VXE = —%'t!, VxH = %‘:—3. show that E and H satisfy Vu
2
OH 0 0 ,OE O E
¥V x (V = reektd L RSO/ S ey
R V¢ Bc) az(vxm 3¢(3z) or?
2
By Problem 29, Vx (VxE) = ~VE +V(V.E) = —VE. Then VE = %—'—f—
t
. E. _ 3. om 3R
Similarly, VX (Vx H) = VX ('—a—t-) = :a-;(VXE) = -é—t-(—-st-) = —--5—‘-5-.

e

2
But Vx (Vxm) = v + V(V-my = ~V'n. Then V'R = §-—“-.

The given equations are related to Maxwell’s equations of electromagnetic theory.

,Ou, du _ du

Ox?

is called the wave equation.

%2 2 o2

The equation



42.
43.

44.

45.

Assignments

2x2* — 2%, tind Voo and | Vb | at the point (2,~2,~1).  Ans. 101 —4j — 16k, 2/93

"

If @

If A= 2§ —3yzj +x2°k and @ = 22 —2°y, find A-Vop and Ax Vb at the point (1,—1,1).
Ans. 5, Ti—j—11k

I F =x°2 +ey/x and G = 222)! —ny. find (a) V(F+G) and (b) V(FC) at the point (1,0,—2).

Ans. (a) —41 +9j +k, (b) —8j

Find Vlrls. Ans. 3rr

71. Evaluate div (2x°zi — xy’zj + 3yzQ k). Ans. 4xz —2xyz +6yz

7. 1 s 8Py +ax +2: 3y ~5, tind V . Ans. 6z + 24xy — 2:° — 6y°z

73. Evaluate V(Inr). Ans. 1/r2

74. Prove Vgr” = n(n+1)r""7 where n is a constant.

5. If F = (3°y —2)i + (x2° +y*)j — 2°°k, find V(V-F) at the point (2,-1,0). Ans. —6i + 24 — 32k
76. If @ is a constant vector and v = @Xxr, prove that divv = 0.

71. Prove VQ(qbgb) = ¢V2¢1 + 2V -Vy + v,bVQdJ

78. If U=3x", V=x — 2 evaluate grad [(grad U)-(grad V)]. Ans. (6yz°—12¢)i + 6x2°j + 12¢yzk
79. Evaluate V-(°r). Ans. 6+°

80. Evaluate V- [+V(1/°)]. Ans. 3:7¢

81. Evaluate VQ[V- «/r>)].  Ans. 2r°%

82. If A=r/r, find graddivA. Ans. —2r °r



96. If A = yz2i — 3xz°j + 2xyzk, B = 3xi + 4zj — xyk and @ = xyz, find
@) Ax (Vp), k) (AxVye, () (VxAyxB, d) B-VxA.
Ans. (@) —5x%yz%i + xy%22§ + dxyz°Kk
(b) —-5x?yz?l + xy222j + 4xy23k (same as (a))
(¢) 16z°1 + (8x2yz -12x22)j + 32xz° k (d) 24x°z + 4xy22

I
97. Find AX(VXB) and (AXV) xB at the point (1,~1,2), if A = xz° i + 2yj—3xzk and B = 3xzi + 2yzj — k.
Ans. Ax(VxB) = 181 - 12j + 16k, (AxV)xB = 4j + 76k

98. Prove (v-V)v = 3 Vo2 — vx (Vxvy).

99. Prove V-(AxB) = B-(VxA) - A-(VxB).

100. Prove Vx(AxB) = (B-Vy)A - B(V-A) - (A-V)B + A(V-B).
101. Prove V(A-B) = B-V)A + (A-V)B + Bx(VxA) + Ax(VxB).

- - - . - .



84. Prove that the vector A = 3y*2°1 + 4x°2? j — 3x°y° k is solenoidal.

85. Show that A = (2¢° +8xy 2)i + (3" y — 3xy)j — (4y z” + 2x°z)k is not solenoidal but B "xyz A is
solenoidal.

¥ 19. Prove that V- (Ax B)= B (V 4) -4 (V X B). If A and B are irrotational, show that A x B
is solenoidal.

[C.U. (Hons.) 1991



