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. Find the angle between A = 2i+2j-k and B = 6i-3j+ 2.

A=VEY+@22+(-12 = 3,

A-B = (2)(6) + (2)(-3)+ (-1)(2) = 12~6-2 = 4

Then cos@ = AB . _4 = %

A-B = AB cos G,

B = V(8 + (3% + (2% = 7

AB @Y1 = 01905 and & =179° approximately.

If A-B =0 and if A and B are not zero, show that A is perpendicular to B.

I A‘B = ABcos 8 =0, then cos =0 or H=90°. Conversely, if 0= 90°, A*B = 0.
Determine the value of a sothat A = 2i+aj+k and B = 4i — 2j — 2k are perpendicular.
From Problem 9, A and B are perpendicular if A-B =0,

Then A-B = (2)(4) + (a)(—=2) + (1)(-2) = 8=2a -2 =0 for a

1
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Show that the vectors A=3i-2j+k, B=i-3j+5k, C=2i+j—4k forma right-angled triangle,

We first have to show that the vectors form a triangle.
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From the figures it {s seen that the vectors will form a triangle if

(@) one of the vectors, say (3), 1s the resultant or sum of (1) and (2},
®) the sum or resultant of the vectors (1)+(2)+(3) Is zero,

a'Ccording as (a) two vectors have a common terminal point or (b) none of the vectors have acommon terminal
Point. By trial we find A =B +C so that the vectors do form a triangle.
Since A.B = (3)(1) + (=2)(=3)+ (1)(5) = 14, A- C = (3)(2) + (-2)(1) + (1)(—-4) =0,

- C = (1(2) + (=3)(1) + (5)(—4) = —21,
Ught-angled triangle,

and
it follows that A and C are perpendicular and the triangle is a




13. Find the projection of the vector A =i-2j+k on the vector B - 4 ~4f 4
A unit vector in the direction B is b = g = et Gl
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Projection of A on the vector B = A+b = (l—21+k)-(§1-—§j+zk)
9

4 4 7
D(=) + (=2)(- 2 0y el
()(9) (=2)( 9)4*(1)(9) —?9.

\/14. Prove the law of cosines for plane triangles.
From Fig.(a)below, B+C = A o C = A -B.
Then C-C = (A-B) -(A-B) = A*‘A+B-B~2A:B
and €% = A% + B>~ 24B cos 6.

0 B R

Fig.(a) Fig.(b)
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"18, Prove that the diagonals of a rhombus are perpendicular. Refer to Fig.(b) above.
0Q =0P+PQ = A+B
OR +RP =0OP or B+RP=A and RP = A-B
Then 0Q:RP = (A+B):-(A-B) = A°~B? = 0, since A=B.

Hence 0Q is perpendicular to RP.




. Prove that the area of a pa.rallelogram with sides A
and B is |AxB|.

Area of parallelogram = A |B|

= |A|sin & |B|
= JAxBJ."

Note that the area of the triangle with sides A and
B=4|AxB]|.




v/

32. Determine 2 unit vector perpendicular to the blane of A=2i-6j-3k and B =4ij + 3i -k

Ax B 1s a vector perpendicular to the plane of A and B,

I 5§ %k |
AXB = |2 =6 =3| = 15{ = 10j + 30k
4 =]
A unit vector parallel to A X B is .o 151=10] +30k = %i - %j + gk
- |AxB|  V(15Y2+ (—10)2+ (30Y2

Another unit vector, opposite in direction, is (=3i + 2j —6k)/1.
Compare with Problem 186.
33. Prove the law of sines for plane triangles.

Let a,b and ¢ represent the sides of triangle ABC

as shown in the adjoining figure; then a+b+c = 0. Mul-
tiplying by a x,b X and ¢ X in succession, we find

axXxhbh = bxc = cXa
i.e. absinC = bcsind = casinB
sinA _ sinB _ sinC

or —_—— = —— =

a b ¢




Eé. Prove that a necessary and sufficient condition for the vectors A, B and C to be coplapar is that
A*BxXC = 0.

Note that A- BxX C can have no meaning other than A-(B xC).

If A,B and C are coplanar the volume of the parallelepiped formed by them is zero. Then by Problem
37, A*BxC = 0. '

N

¢ f
Conversely,jif A-BXC =

0 the volume of the parallelepiped formed by 'vectors A, B and C is zero,
and so the vectors must lie in a plane.\i\j"




37. Show that A+ (BxC) is in absolute value equal

to the volume of a parallelepiped with sides
A,B and C.

Let n be a unit normal to parallelogram I,
having the direction of BXC, and let 2 be the
height of the terminal point of A above the par-
allelogram /.

Volume of parallelepiped = (height A)(area of parallelogram I)
(A-m)(|BxC|)
A-{|Bxc|n} = A-(BxOC)

If A, B and C do not form a right-handed system, A-n < 0 and the volume = |A-(BxC)\ ;
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