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MATHEMATICS — HONOURS
Paper : CC-4
(Group Theory - 1)
Full Marks : 65

The figures in the margin indicate full marks.

Candidates are required to give their answers in their own words
as far as practicable.

Answer all the multiple choice questions. Each question carries 2 marks, 1 mark for correct option and
1 mark for justification. (1+1)=10

(a) Let G be a group and aeG. If 0(a) =17, then 0(a®) is
(i) 17 (i) 16
(iii) 8 (iv) 5
(b) Let (S, 0) be a semigroup. Let e and ¢’ be left and right identities respectively. Then
(i) e may or may not be equal to e’
(i) eze’
() e=e!
(iv) e and e’ never exist simultaneously.

(c) Consider the group Z° = {(a. b) :a.b € Z} under component-wise addition. Then which of the
following is a subgroup of Z>?

() {(a.b) e Z* ab=0] (i) {(a.b) € Z* 3a+2b=15)
(iii) {(a.b) € Z2 7 divides ab}  (iv) {(a.b) € Z? 2 divides a and 3 divides b}
(d) In S, the permutation (1254)(243)(12) is identical with

(i) (345) () (543)
(iii) (3 5 4) (iv) (53 4)
(e) Let (Z.o0) is a group with xoy =x+1 +2, x,v € Z; then the inverse of x is
(i) —(x+4) (i) x>+6
(i) —(x—4) (iv) x+2
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(1) Which of the following is true?
(i) Z, is cycelic if and only if # is prime
() Every proper subgroup of Z_ is cyclic
(i) Every proper subgroup of S, is cyelic
(iv) If every proper subgroup of a group is cyclic, then the group is cyclic.
(2) Choose the incorrect statement.

(i) Every homomorphic image of a group G is a quotient group ¢/, for some choice of normal
subgroup H of G

(1) Any two infinite groups are isomorphic

(i) 2y =2,

(iv) Every proper subgroup of Sy is cyclic.

(h) The number of group homomorphism from the cyclic groups (Z4. + ) to (Z4, + ) is

(i 0 {i) 1
(i) 2 (iv) 3.
(i) f:4Z - Z; is defined by f(4n) = [n], n € Z, then ker f is
() 3Z (i) 6Z
() 12Z (iv) Z.

() Consider the group (Q*, -), the multiplicative group of all non-zero rational numbers and its subgroup
Q. set of all positive rational numbers. Then [Q* : Q7] is

@) 2 (@) 3
(iii) 6 (iv) 8.
Unit - ]

2. Answer amy two questions :

i ) ]

. a -

(a) Correct or justify : The set G = {[a 5 ‘ :aeR.a#0 If forms a group under matrix multiplication and
: )

the group is abelian. 5

(b) (i) Let GL(2. R) be the group of all non-singular 2x2 matrices over R. Show that

(a 0) 1.
H= {l “ r le GL(2.R): ad ;t{}}- 1s a subgroup of GL(2. R).
I' (I )l 1}
(i) Let (G.o) be a group and a.bh be two elements of the group. Assume that O(a)=3 and
@b = boa”. Then prove that ab = ba. 342
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(¢) Establish a necessary and sufficient condition for a nonempty subset of a group to be a subgroup
of 1t 5

(d) () Lc_t (G. o) be a group. Suppose that a. b € G such that aeh = hea and ofa). o(h) are relatively
prime. Then prove that o(ash) = o(a)eo(b).

() Prove that a group G can not be written as the union of two proper subgroups. 3+2
Unit - 11

Answer any four questions :

(@) (1) Let G be a group and ¢ € G be a unique element in G of order 2. Prove that ax = xa for all

X €

Q

12

(i) Find the order of the permutation Ll 2 3 4
4 31 5

2 Ln

6JeSﬁ. 3+
6

(b) (i) Prove that every group of prime order is cyclic.

(i) Prove that (Q, +) is a non-cyclic group. 3+2
(¢) (i) Show that S, has no elements or order > 5.

(i) In S, let p = (123) and o =(456). Find a permutation x in Sq such that x p x1=ag 3+2
(d) (i) Find all distinct left cosets of the subgroup H = {e, (123), (132)} in the group S;.

(i) How many generators are there in a group of order 23? 3+2

() (i) Let B =(123)(145). Write B% in cycle form.

(i) Let o and B belong to S,. Prove that B o p~! and a are both even or both odd permutation.

23

(f) (i) Let G be an abelian group. Show that the set of all elements of finite order in G forms
a subgroup of G.

w MR |

(ii) Prove that every group of order 4 is commutative. Ji
(g) (i) Let 4 and B be subgroups of a group G. If |4 |=p.a prime number. show that either
AnB=1le} or ACB.
(ii) Consider the group R2 under component-wise addition of real numbers. Let
H={(x, 3x) : x € R}. Show that / is a subgroup of R* and any straight line parallel 10 v
is a coset of H.

-

"
A

-
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4
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Answer any three questions :

(a) (i) Let H be a normal subgroup of G and S be the set of all distinct cosets at H in (. Then prove
that (S.e). where * " is defined by aHebH = abH. for all u. b € G forms a group.

(ii) Let G be a group and / be a subgroup of G such that |G : H] = 2. Prove thatx- € Hifx e G

3
32
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(b) Let G be a group of order n. Prove that G is isomorphic to a subgroup of the symmetric group ,,.

S

3

(¢) (i) Let (G. ) be a group in which (aeh)’ = a3eb® for all a. b € G. Prove that /= {x":x € Gl is

(d)

(¢)

(i1)
(1)

(i)

(1)

(ii)

a normal subgroup of G.

For a fixed element a in a group (G.s), define f,: G — G such that fn=alxa. li)rqul_‘l
x € G. Show that f, is a group isomorphism.

3+

Prove that any two finite cyclic groups of same order are isomorphic.

Consider C* as the group of non-zero complex number under multiplication of complex number

and define /: C* — C* by f(z) =% Prove that f is a homomorphism. 3+2

Prove that 877?62 =2,

State Third lsomorphism theorem in group theory. -



